Among shellable complexes a certain class is shown to have maximal modular homology, and these are the so-called saturated complexes. We show that certain conditions on the links of the complex imply saturation. We prove that Coxeter complexes and buildings are saturated. © 2002 Elsevier Science (USA)
INTRODUCTION
The investigation of the modular homology of a shellable complex in general was began in [12] . There we showed that modular homology does not always behave nicely: There are shellable complexes with the same h-vector but with different modular homology. In this paper, however, we shall show that this pathological behaviour is not beyond control. We show that the homology of any shellable complex can be embedded into a wellunderstood module constructed purely from the shelling of the complex. This is Theorem 3.2 and the main result of Section 3.1. It follows in particular that the modular Betti numbers for an arbitrary shellable complex are bounded by functions of its h-vector only.
Shellable complexes which attain these bounds are of special interest and are called saturated. In this paper we investigate conditions which guarantee saturation. The main result is Theorem 4.1 which gives a sufficient condition under which gluing a simplex onto a saturated complex forces the resulting complex to remain saturated. Applying this condition inductively to shellable complexes suggests that the property of being saturated is local, that is, completely determined by the structure of the links of the complex.
Being Cohen-Macaulay, according to Reisner's theorem [14, p. 60] , is also a local property. We are therefore tempted to illustrate the differences and similarities between the two local properties by the following observation: It follows from Reisner's theorem that a complex is Cohen-Macaulay if all its links are triangulations of spheres of suitable dimensions or, more generally, of manifolds whose homologies are those of bouquets of such spheres.
In contrast, it follows from Corollary 4.2 that a complex is saturated if all its links are 2-colourable triangulations of spheres of suitable dimensions, or, more generally, 2-colourable pseudomanifolds of suitable dimensions without boundary.
Here a pure complex is 2-colourable if its facets can be given two colours such that any two facets with a common co-dimension 1 face have different colours.
Being saturated is more restrictive than being Cohen-Macaulay, even for shellable complexes. For example, every cyclic graph is Cohen-Macaulay but only even cycles are saturated. Moreover, being saturated is not a topological invariant since it is related to 2-colourability. While the precise relationship between ordinary simplicial homology and modular simplicial homology is not yet fully understood, a partial result appears in Corollary 3.5: Shellable saturated complexes with the same modular homology have the same ordinary homology.
In Section 6 we show that finite Coxeter complexes and spherical buildings are saturated. This has lead us to investigate group actions on shellable complexes and in particular the module structure of the modular homologies of Coxeter complexes and buildings. This is the subject of a forthcoming paper. There it will be shown that if G is a finite group of Lie type with associated building D then the Steinberg representation of G is realized by the ''top modular homology'' of D, here see Sections 3.2 and 6. This paper is a continuation of [12] and throughout we shall freely use the notation and results of that paper.
RECOLLECTING SOME PREREQUISITES
For all details of notation and assumed results we refer to [12] . The following is a short resumé only to make this paper as self-contained as possible.
Throughout
y where the summation runs over all co-dimension 1 faces of x. Thus attached to D is the sequence
For any j and 0 < i < p we have the associated sequence
in which " g is the appropriate power of ". This sequence is determined by any arrow M (l, r) and as the simplex is almost p-exact, see [10] , the non-
and let the weight of M (l, r) be the integer 0 < w [ p with wl+r − n (mod p) . The notion of shellability and h-vectors is the usual one, the definition of k-shellable complexes may be found in Section 2 of [12] . SATURATION 
D

COMPLEXES
Let M denote the F-vector space whose basis are the (finite) subsets of W.
GLUING SIMPLICES: II
Here we continue our investigation into gluing simplices which was began in the section Gluing Simplices of [12] . We refer to that section as GS: I. The notation in [12] is the same as here and any detail not explained here may be found in that paper.
Saturated Complexes
Let C be an (n − 1)-dimensional complex and let D=C 2 k S n be obtained by gluing S n onto C along some k facets of S n . We are considering sequences of the kind M 
Remaining are the three 'bad' cases of Theorem 4.2:
B1: k -w -0 (mod p) , when d=. and u < ., B2: w < k < p+w < 2p, when d+1=u < .; B3: k > p+w and k -w (mod p) , when d+1 < u < .. To describe these we have 5-term exact gluing sequences. More specifically, for B1 and B3 the sequence is
while B2 leads to 
Comparing the 'good' cases with the 'bad' ones motivates the following definition: 
in the gluing sequences will be analysed in detail later on. Important from the discussion above is a technical condition for saturation which is the basis for the main results of this paper:
r)-saturated if and only if h(H
An important general consequence of the Theorems 4.1 and 4.2 in GS: I, together with the analysis above, follows by induction. The next theorem and its corollary may in fact serve as an alternative definition of saturation: 
Furthermore, D is (l, r)-saturated if and only if (f) is an isomorphism for all s \ 0. In particular, D is saturated if and only if (f) is an isomorphism for all s \ 0 and all (l, r).
(f): b D − t [ b D t for all t ¥ Z. Furthermore, DOE is (l,
r)-saturated if and only if (f) is an equality for each t ¥ Z. In particular, if D is saturated then DOE is saturated if and only if (f) is an equality for all (l, r) and all t ¥ Z.
Remark 1. In Theorem 3.2 we use the convention that [H]
0 is the zero module.
2. There are examples of complexes which are (l, r)-saturated for certain values of (l, r) but not for others. For instance, when p=3 and D is the cone over a cyclic graph with 7 vertices then
3. Saturation is defined with respect to a prime p and it is not clear if there are complexes which are saturated for some primes but not for others. See also [7, 5. 1.25, p. 214].
4. For shellable D it follows from results of [12] that H D t =0 for all t < d . Moreover:
• All 1-shellable complexes are saturated, see Corollary 5.3 in [12] .
is a sequence of weight at least k then D is (l, r)-saturated and almost exact, see Theorem 5.1 in [12] . For instance, when p > 2 and D is the cone over a cyclic graph then D is 2-shellable and so the only parameters for which D is possibly not (l, r)-saturated come from sequences of weight 1, just as in the example above where the cycle has odd length. We shall see later that cones over even cycles are always saturated.
Examples and Further Observations
We conclude with several comments which may illustrate saturation. As we have just seen, for a saturated complex all Betti numbers are determined entirely by the shelling vector. For instance, if D is a 5-dimensional complex with h-vector (h 0 , h 1 , ..., h 6 ) which is saturated for p=3 then its Betti numbers are as shown in Table I . We have no general existence theorem or construction which produces, for given complex with known h-vector and given prime p, any complex with the same h-vector which is saturated for p. In particular, there may be no saturated complex with that given h-vector at all. Such questions may be interesting to investigate.
One further and significant observation is that b 6, 1 is the same in both tables, and equal to h 6 . In fact, for any (n − 1)-dimensional saturated complex it is seen easily that the modular Betti number b n, 1 is the last component of the shelling vector. This is a surprising parallel to the situation of the ordinary homology which is defined in relation to the usual boundary operator of simplicial geometry. Here a routine application of the Mayer-Vietoris sequence shows that shellable complexes are Cohen-Macaulay. This means that the complex has a single non-trivial simplicial homology located at the top. The dimension of this homology, sometimes called the Steinberg module of the complex, is also the last component of the shelling vector. We hope to explain this phenomenon and establish conditions which guarantee that the Steinberg module is indeed isomorphic to the top modular homology. This is known to be true in the case of buildings, and extensions of this result will be the subject of a forthcoming paper.
As Corollary 3.3 shows, the saturation of a complex can be decided from its Betti numbers. However, it is worthwhile to mention a related observation which we illustrate first by an example.
Let D be a shellable 5-dimensional simplicial complex and let In this procedure one observes that consecutive h i terms carry the same sign with groups always separated by a single missing index, and that each group, apart possibly from the first and the last, consists of p − 1 terms,
The following result is a straightforward consequence of Corollary 6.3 and Theorem 6.2, and its proof is left to the reader. It may serve as an alternative definition of saturation: On the one hand it gives a ready formula for the Betti numbers of a saturated complex with known h-or f-vector. On the other hand, if the Betti numbers and the f-or h-vector are known, then it provides an exact condition for saturation: 
As before D then is saturated for p if and only if it is (l, r)-saturated for all (l, r).
This extension of saturation to non-shellable complexes may turn out to be interesting. For p=3 examples of such saturated complexes include wellknown non-shellable triangulations of 3-balls, such as the 'knotted hole ball' described by Furch in 1924, and the '2-roomed house' constructed by Bing in 1964. Both are Cohen-Macaulay with f= (1, 380, 1929, 2722, 1172) and f= (1, 480, 2511, 3586, 1554) respectively, see [8, 9, 15] .
Other interesting examples are the non-shellable triangulation of the projective plane (with f= (1, 6, 15, 10) , not Cohen-Macaulay) and of the dunce hat (with f= (1, 8, 24, 17) , Cohen-Macaulay). These are both (1, 2)-and (2, 3)-saturated for p=3 but not (1, 3) -saturated. In contrast, the 16-vertex triangulation of the Poincaré 3-sphere due to Björner and Lutz (non-shellable, Cohen-Macaulay, see [8] ) is not (l, r)-saturated for p=3 and any (l, r). Note that the upper bounds for Betti numbers in Corollary 3.3 hold true in each of these three complexes.
We return to shellable complexes and the relationship between the ordinary homology and the modular homology. Suppose that D is shellable and saturated with respect to some prime p, and that all modular Betti numbers b (d 1 , d 2 , d 3 , d 4 ) .
The main theorem of this section now follows. When saying that res(s) is a 1-cycle of D relative to link C (t(s) ) we mean that there is some Note, nullness with respect to " is in no obvious relationship to nullness with respect to the ordinary boundary map of simplicial geometry. However, occasionally complexes are null in both senses. We say that a complex is 2-colourable if its facets can be 2-coloured in such a way that facets with a common co-dimension 1 face have different colours. Further, in a pseudomanifold without boundary, see Definition 3.15 in [14] , each codimension 1 face is contained in exactly 2 facets. Therefore a 2-colourable pseudomanifold without boundary is null with respect to the boundary map and with respect to ": Choose all c i =1 for the first case and c i = ± 1, suitably according to the 2-colouring, in the second case. In particular, even cyclic graphs are null over every field, and odd cyclic graphs are null only over fields of characteristic 2. 
THE PROOF OF THEOREM 4.1
On first reading this section may be omitted, the proof of Theorem 4.1 is its only purpose. From the discussion in Section 3.1 and Lemma 3.1 it is clear that it suffices to prove the following more technical version of Theorem 4.1: 
The proof is arranged in three parts: First, we analyse the map h. Then we examine the module H 
respectively. Written as a diagramme this sequence is shown in Fig. 2 , where " g , as before, stands for whatever power of " is needed in the context. There are the natural embeddings shown in Fig. 3 , and for a ¥ A we indicate its images in B and C by a B and a C respectively. The same convention applies to b ¥ B and c ¥ C. Now the gluing sequence is just an interval of the long homological sequence Fig. 2 and h is the usual connecting map. Its definition is standard and may be found in any textbook of homological algebra or algebraic topology, see for example [13] . We include it only for the sake of completeness. 
). It follows from the commutativity of the diagram that (bOE, cOE) is in the image of the monomorphism f:
It is a trivial matter to show by 'diagram chasing' that the last definition is independent of the choices in the definition of h.
For short one can say that h is induced by h=f 
The structure of H
The standard construction for a connecting map may be applied to the inclusion J and repeating the arguments above, we obtain the following which will be crucial for the last part of our proof: 
The equality "
This completes the proof of Theorems 5.1 and 4.1. L
COXETER COMPLEXES AND BUILDINGS
In this section we show that Coxeter complexes and buildings are saturated in any characteristic. Without going into further details we shall assume the following facts:
• Buildings and Coxeter complexes are shellable [4] 
